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Abstract 

We consider a scalar charged quantum particle on R n subject to a background 
U(l) gauge potential A. We clarify in the general setting how the requirement that 
the wavefunctions ip{x) be quasiperiodic under translations in a lattice A leads to a 
periodic field strength B = dA with integral fluxes and to the analogous theory on 
the torus T n = R n /A: the wavefunctions tp defined on R n play the role of sections of 
the associated hermitean line bundle E on T n , since E can be described as a quotient, 
beside by local trivializations. The covariant derivatives corresponding to a constant 
B generate a Lie algebra g Q and together with the periodic functions the algebra of 
observables O q . The non-abelian part of g Q is a Heisenberg Lie algebra with the 
electric charge operator Q as the central generator; the corresponding Lie group G Q 
acts on the Hilbert space as the translation group up to phase factors. Also the space 
of sections of E is mapped into itself by g G G Q . We identify the socalled magnetic 
translation group as a subgroup of the observables ' group Y Q and determine the unitary 
irreducible representations of O q , Y Q corresponding to integer charges. We also clarify 
how in the n = 2m case a holomorphic structure and Theta functions arise on the 
associated complex torus. 

These results apply equally well to the physics of charged scalar particles both on 
R n and on T n in the presence of periodic magnetic field B and scalar potential. R 

1 Introduction 

Tori are among the simplest manifolds with nontrivial topology. Gauge theories on them have 
deserved a lot of attention for both mathematical and physical reasons. As known, any n- 
dimensional torus T n can be obtained from the universal cover R n as a quotient T n = R n /A, 
where A C R n is a lattice of rank n. However, the physical and mathematical community 
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seems not equally aware that also fiber bundles on T n can be realized as quotients of trivial 
bundles on R n and that this allows avoiding the somewhat bothering local description of 
fiber bundles and their sections. Sticking for simplicity to the [/(l)-gauge theory of a scalar 
quantum particle, in the present paper we wish to show that on T n such a theory is in fact 
equivalent to the analogous (and much simpler) theory on R n constrained by the requirement 
that under translations by a A 6 A the wavefunctions ip(x) be quasiperiodic, i.e. periodic 
up to a x-dependent factor V. In more mathematical terms, that the space of sections of a 
hermitean line bundle E on T n can be described as a quasiperiodic subspace X v C C°°(R n ) 
of the space of sections of a (topologically trivial) hermitean line bundle on R n , modulo gauge 
transformations on R n . Moreover, we exploit this equivalence to determine the symmetries 
and study the irreducible unitary representations of these theories. 

Scalar U (l)-gauge theory are physically interesting in themselves, beside being propaedeu- 
tical to gauge theories with more complicated gauge groups, particles with spin, etc. The 
Schrodinger equation for a scalar particle with electrical charge q 

HV = i$V, H: =2^ V « V «+ V > V a :=-id a +qA a , (1) 

(in units such that h = 1) when considered on T 2 can describe the dynamics of such a 
particle confined on a very thin domain (within the physical space R 3 ) modelled as a 2-torus 
(a preliminary step to study e.g. the Quantum Hall effect on it). Formulating ([1]) on T 3 
instead of R 3 is a way to obtain a relatively easy finite- volume theory before e.g. taking the 
infinite- volume limit. Similarly, S = (ip, Hip) appears as the Euclidean action in the path- 
integral quantization of a charged scalar field in an electromagnetic background and one 
may wish to compactify the 4-dimensional Euclidean spacetime into a torus T 4 as an infrared 
cutoff. In string and Kaluza-Klein theories [HQS], with or without D-branes, the same action 
on tori T n of various (usually even) dimensions resulting from the compactification of the 
extra-dimensions may appear as part of the toal action. On the other hand, the equivalent 
quasiperiodic theories on R n are characterized by periodic B and scalar potential V, and 
correspondingly H becomes the Hamiltonian of Bloch electrons in a magnetic field B. The 
corresponding dynamical evolution maps X v into itself. 

The plan of the work is as follows. In section [2] we introduce quasiperiodicity factors V, 
spaces X v and show that a compatible connection A on R n necessarily yields a periodic 
curvature 2-form B = dA with (up to a factor) integer-valued fluxes <p a b through the basic 
plaquettes of the lattice (on T n these integers will represent the Chern numbers). In the 
proof one has to use a self-consistency condition for V; on T n the latter becomes the cocycle 
condition for the transition functions of a hermitean line bundle (section HJ). V is determined 
by the <j) a b up to gauge transformations, and is necessarily a phase factor. One can decompose 
the covariant derivative as V = V*- - 1 + QA', where V*- - 1 yields a constant QB oc [V*- - 1 , V*- - 1 ] 
and A' is periodic. The components p a = vi°' ) generate a Lie algebra g Q and together with 
the periodic functions the algebra of observables O q , whose elements map X v into itself. In 
particular, H,V„ G O q . The non-abelian part of g Q is a Heisenberg Lie algebra with the 
electric charge operator Q as the central generator. The corresponding Lie group G Q acts 
on X v and its Hilbert space as the translation group up to phase factors; the latter vanish if 
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V = 1, i.e. if the q<\> a b vanish. For these reasons we call G Q the projective translation group. 
We also introduce a larger group Y Q , which we call observables' group, containing the e ll ' x 
(I G Z ra ) as well. In section [3] we replace Q — > q G Z (integer charge) and then identify the 
magnetic translation group M of [H] as the discrete subgroup of Y Q commuting with G Q and 
the centre of Y Q as a subgroup of M. Then we classify the unitary irreducible representations 
of O q , Y Q with integer charge and determine them rather explicitly in configuration space (we 
write down orthonormal bases of eigenf unctions of a complete set of commuting observables 
in Q ); for fixed Chern numbers they are parametrized by a point a in the reciprocal torus of 
T™ (the ' Jacobi torus', or 'Brillouin zone'). Each representation of Y Q extends to the Hilbert 
space completion 1-L V of X v \ 1-L V carries also the associated representation of the group 
algebra y Q of Y Q (a C*-algebra). We also clarify how in the n = 2m case a holomorphic 
structure and Theta functions arise on the associated complex torus. In section H] we show 
how to realize a hermitean line bundle E i— )■ T n as a quotient E = (R™ x C)/Z n , where the 
free abelian action of Z" on R"xC involves the quasiperiodicty factor V; we then construct a 
one-to-one correspondence between (X v , V) and pairs (r(T™, E), V), where T(T n , E) stands 
for the space of sections of E and V the associated covariant derivative. In general global 
gauge transformations on R n induce local gauge transformations on T n . T(T n , E) becomes 
a G Q -module upon lifting of the action from X v . In section [5] we summarize the main 
conclusions of the work. 

The subject is not new. Several results in sections [21 H] are the analog in the smooth 
framework of known results in the holomorphic one (see e.g. [21 [12]), but our treatment is 
based only on the basic definition of a real torus; additional structures such as holomorphic 
ones on complex tori (which can arise only for n = 2m), complex abelian varieties, etc., are 
not necessary. The clear definition and decomposition of the algebra/group of observables 
O q , Y Q , the physical identification of the central generator Q as the electric charge operator, 
the complete classification of the irreducible unitary representations of Y Q , as well as an 
explicit determination of the latter in configuration space, up to our knowledge are new. 
Moreover, our treatment is valid not only for all n but also for all gauges. This is not so 
e.g. neither in (21 [12] [where the presence of the gauge group is obscured by the fact that 
automorphy factors, that play a role similar to our quasiperiodicity factors V, may take 
values in all of C \ {0} rather than in the gauge group U(l)], nor in more physically-minded 
works such as [U [51 [15] . 

For simplicity we shall assume A = 2irZ n , whence the reciprocal lattice is Z n . This is 
no loss of generality as far as we are concerned3, since A can be always transformed into 
27rZ" by a linear transformation of R n , x i— > gx, g G GL(n). We shall use the following 
abbreviations. N = N U {0}; K l stands for the transpose of a matrix K; elements h,k G C n 
are considered as columns; h-k := Wk (at the rhs the product is row by column); u l - = e tl ' x for 
all I := (li, l m ) G Z n ; U(l) the group of complex numbers of modulus 1; we denote as Z(A) 

1 If n = 2m and we were concerned with holomorphic algebra of functions, holomorphic line bundles, 
on T n = R™/A regarded as a complex w-torus, then the holomorphic structure w.r.t. complex variables 
7J = xi +ix m ~^> would not be invariant under x i— > gx for generic g S GL(n). See also the end of section[3l 
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the center of a group or an algebra A. We denote as X the subalgebra of C°°(R n ) consisting 
of periodic functions /, namely such that f(x+2nl) = f(x) for all I G Z n , or equivalently of 
functions (Laurent series) of u = (u ,...,u n ) = (e tx ,...,e lxn ) only. X can be identified also 
with C°°(T n )- We denote as {ei,...,e n } the canonical basis of R n : e\ :— (1, 0, 0), etc. 

2 Quasiperiodic wavefunctions and related connections 
on R n 

The simplest way to impose invariance of the particle probability density under discrete 
translations A G A is to impose it on the wavefunction if), i.e. to require it to be periodic. 
But this is not necessary; it suffices to require \ip\ to be periodic, that is if) to be quasiperiodic, 
i.e. invariant up to a phase factor V. A set of quasiperiodicity conditions of the form 

ip(x+2wl) = V(l,x)if)(x) VxGR", ZGZ n (2) 

relates the values of if) in any two points x, x+2nl of the lattice x+2irZ n through a phase factor 
V(l, xjE For a Bloch electron in a crystal in absence of magnetic field a factor depending 
only on I is enough: V = e lk ' 1 , where k is the quasimomentum of the electron. But one can 
allow V to depend also on x. In any case nontrivial solutions if) of may exist only if the 
factors relating three generic points x, x + 2irl, x + 2n (/ + /') of the lattice are consistent with 
each other, i.e. 

V(l+l',x) = V{l ) x + 2-Kl')V{l' ) x) ) VM'eZ" (3) 

Note that this implies V^O, x) = 1 and [V(l, x)] -1 = V(—l, x+2nl). We introduce an auxiliary 
Hilbert space H Q with an orthonormal basis {\q)} g 2 and on H Q a self-adjoint operator Q 
defined by Q\q) = q\q). We regard a smooth wavefunction if) of a particle with electric charge 
q (in e units) as an element of C 00 (R n )®|5'). As the latter is an eigenspace with eigenvalue q 
of l(g)Q, we shall adopt as the electric charge operator. We give the covariant derivative 
a form independent of q through V := (—i)d®l+A(x)<8)Q; here d stands for the exterior 
derivative. When we risk no confusion we shall abbreviate V = — id+A(x)Q, ■?/'GC 00 (R' 1 )|g), 
etc. Given a smooth function ^:Z"xR"»C \ {0} fulfilling ([3]) consider the space 

X v := {ip G C°°(R n )®\q) | if){x + 27cl) = V{l,x)if){x) \/ x G R n , I G Z"}. (4) 

We look for covariant derivatives V such that their components map X v into itself, 

V a : X v h-> X v . (5) 

2 Actually it is not necessary to assume from the start that V € U(l); assuming just that it is nonvanishing 
complex, V € £7(1) will follow from the reality of A a , see below. 
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Given such a V, also QB ab {x)ip{x) = {|[V a , Vb\i[)}{x) fulfills ([2]), implying that all the 
B a b = \{d a A h — d A a ) are periodic functions. From the Fourier expansions it follows 

B ab (x) = fa + £ => M*) = J PL + a. + E ( 6 ) 

B' ab {x) A' a (x) 

up to a gauge transformation, where the periodic function A'(x) is such that B' = dA'. A 
dependence of ip, A', V also on the time variable t is not excluded, but we will not write the 
argument t explicitly. The reasons why we have isolated the constant parts (3 A b , a a G R in 
the expansions of B ab , A a will become clear below. We decompose the covariant derivative 
in a gauge-independent part A' a Q and a gauge-dependent part p a : 

V a :=-id a +A a Q = p a +A' a Q, A' a eX; (7) 

p a = —id a + x b (3 b A a Q + a a Q up to a gauge transformation. Going back to (jSJ), V a tp will fulfill 
(j2J) iff also p a il> does, by the periodicity of A' a (x)\ up to a gauge transformation this yield^H 
the first formula in 

V(l, x) = V^(/,x) = e~^ A \ Pa = -id a +x b {3£ a Q+a a Q, (8) 

which is consistent with for all eigenvalues g G Z of Q iff the quantization conditions 

v*b e Z, ^ b := 27r/3 a A b (9) 

for all a, 6 are satisfied^. (This in particular excludes a dependence of (3 A on t). For q = or 
/3 A = we find 1/ = 1 and Af 1 = Af®|0) ~ X. Otherwise ©, ©i do not admit solutions of 
the form ip(x) = e f(x), f G X . Introducing fundamental A;- dimensional cells afe for 
k < n and ai < 02 <....< by 

Ca!...a fc : = {^B" I x ah G [y ah ,?/ a ' 1 +27r[, /i = 1, jfe; x a = y a otherwise}, (10) 

one easily finds that the flux <p a b of B — B ab dx a dx b through a plaquette C ab equals that of 

(3 A = (3 A b dx a dx b 

<p ab = [ B = [ (3 A = 2nu ab (11) 



= Mj)(x + 2ttI) - V(l,x) (p a tP)(x) = (-id a +x»l3£ a q + 2Trl b l3£ a q + a a q)V(l,x)^(x) 
-(-id a +X b pg a q+a a q)V(l,x) ^){x) = [{-id a + 2nl b ^ a q)V(l,x)] j>(x) 



4 As V- 1 (1 + 1',x)V(1,x + 2t:1')V(1',x) = er 1 ^ 2 ^ 1 ' , Q am0U nts to q2Trl t /3 A l' e Z for all q e Z and 
U' € Z™, i.e. to ®. 



5 



and more generalljQ 

/ B m = [ ((3 A ) m = (2nru [aia2 u a2m _ ia2m] (12) 

for all m < n/2 and a\ < ci2 < .... < aim\ the square bracket denotes antisymmetrization 
w.r.t. the indices aya^-.-a^m- The results are independent of y. Incidentally, rational values 
for the expressions 2n(3 A b = -^4> a b could be obtained imposing quasi-periodicity on some k- 
fold enlarged lattice (k G N), as done e.g. in [5| [Tlffi By the way, relation ©i implies that 
V(l,x) could not be an arbitrary complex number: it must be V(l,x) G U(l) in the gauge 
under consideration and, by fl26]U. in all gauges. Incidentally, the V@ make up a (discrete) 
abelian group upon pointwise moltiplication V 13 = V 13 +/3 , and similarly the if)? , but 
we will not use this fact here. From flEHH]) we easily find that 



4^ ° g [v{r,x + 2nl)V{l,x) 



qfvV =: v{l,l') (13) 



is x-independent and defines an antisymmetric bilinear Z- valued form v on A = Z n ; hence 
2nf3 A = v can be recovered from the quasiperiodicity factor V. 

Summing up, the (left) action of Q,p a and multiplication (from either side) by any 
/ G X map X into itself. In other words, X v is a (left) module of the *-algebra O q of 
smooth differential operators that are polynomials in Q,pi, --^Pm with coefficients / in X, 
constrained by 

\p a ,p b ] = -i2PM [Q, ■ ] = 0, [ Pa , f] = -i(dj), 

(14) 

r(x) = f(x), pl=p a , Q* = Q. 

Note that these defining relations of O q depend on the A a only through the (3£b °f hi 
particular are gauge- independent. In particular V a , H G O q . 

Q,p a generate a real Lie algebra g Q which is a (non-abelian) central extension of the 
abelian Lie algebra R n spanned by the — id a ; the —2(3 A b play the role of structure constants. 



5 In fact, 

J 5 m H J [f3 A +dA'}B m - 1 = Jf3 A B m - 1 + JdiA'B" 1 - 1 )^ J (3 A B m - 1 + J A'B 



t Tj m—1 



r*v r*y r*y r^y ny ftr'y 

<■■■, ..... ^o 1 ...o 3m °ai...o 2m °«l...oam S'-"2m °°*l-<»2m 

V*"" 1 = - = / (/3 A ) m = / 0fa 1 « S "-/^ 1 a am ]^ Ol -»^ i (2 7 r) m l , [Qia2l , a2m _ ia2m] 

i 2m L'a 1 ...a 2m o ai ... a2m 

The second equality holds because dB = 0, the third by Stokes theorem, the fourth by the periodicity of 
A 1 \B, which makes the border integral vanish. 

6 For instance, imposing the conditions ([HEl) for all q € Z and only for 1,1' such that l\ = khi, l[ = kh[ 
(with some h\, h\ € Z) would lead to fci/if,, ku^i € Z i.e. vu, v^i € Q, and again to v a b G Z for a.b > 1. The 
corresponding i/j's could be interpreted as fc-component wavefunctions, i.e. sections of a C fe -vector bundle. 
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O q and X are £7g Q -module *-algebras under the action 

Pa>Pb = -fePabQi Pa>f = -i(9 a f), 

(15) 

Q>f = 0, Q>p a = 0, 

for all / £ X, and X v is a left Ug Q -equivariant Q -module and A'-bimodule (but not an 
algebra, unless 1^=1); this means that all these structures are compatible with each other 
and the Leibniz rulqll- 'Exponentiating' g Q we obtain a Lie group G Q of transformations 
gg :X V ^X V , z= (z°, z) G R^ 1 : 

g 2 =A p - z+Qz % g~ z g z > = g. , z+z' := z+z'-^z', 0, 0). (16) 

z+z' 

This group law formally follows from the Baker- Campbell-Hausdorff formula^). In the gauge 
(JS]) the actions of Q,p a and g$ read 

Q>ip = qi> ) p a >i/j = (-id+qx t /3 A + qa) a 'ilj, 

r i ( 18 ) 

[^>^](x) = e i9 r+^ 2W ^(x + z); 



as a consistency check one can verify the group law (TT6j) and that gz>ip indeed fulfills fl2]). 
We shall call G Q the projective translation group because it acts as the abelian group Go of 
translations if)(x) i-> ip{x+z) followed by multiplication by a phase factor. On the contrary, 
although the elements of Go map G°°(R ra ), as well as X, into themselves, they do not map 
X v into itself. However, Go, G Q have the same actions on carrier spaces chararcterized by 
q = 0, i.e. on G°°(R n ), X. 

Let L(n, Z) be the group of matrices with integer entries and determinant equal to ±1, 
r the integer r := |rank(/3 A ) (we recall that the rank of an antisymmetric matrix is always 
even); clearly < 2r < n. By the Frobenius theorem (see e.g. [6], p. 71) there exists a 
S E L(n, Z) such that 

f3 A = S^ A S, A := ( b ] , b := diag(6 1; b r ), (19) 

where (ux, v r ) '■= (2vr6i, 2nb r ) is a sequence of positive (or negative) integers such 
that each Vj+\ is an integer multiple of Vj [e.g. (z/ 1; z/ 4 ) = (3,6,18,18)], n _ 2r is the zero 
in — 2r)x(n — 2r) matrix and all the missing blocks are zero matrices of the appropriate sizes. 
Therefore, after the change of generators 

Pa^iStya, X°^(S-yr, U l ^uW\ (20) 



7 Namely, for all c £ O q , £ X v , f £ X , g £ g Q g>(cipf) = (g>c)ipf+c(g>ip)f+ap(g>f). 

8 

e R e s = e R+s e-? [R ' S \ if [R, S] commutes with R, S. (17) 
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resp. in g Q , C°°(R n ) and X, the relations (JT3J) will involve the matrix (3 A instead of the 
original (3 A ; more explicitly, ( Fl4|) i will become the commutation relations 

\pj,p^j] = i2bjQ j = l,...,r, [ Pa ,p b ] = otherwise. (21) 

This shows that 

g Q ~ h Q2r+1 © R n ~ 2r , G Q ~ H Q2r+1 x R- 2r ; (22) 

h Qm ,if Qm denote the Heisenberg Lie algebra, group of dimension k and central generator Q. 

The Weyl forms of x a * = x a , (fT4"j) and its consequence [pa,^ 6 ] = _ are easily deter- 
mined with the help of (IT7|) and synthetically read 



(23) 



e i(h-x+p-y+Qy ) e i(k-x+ P -z+Qz°) _ e i[(h+k)-x+p-(y+z)+Q(y°+z )} & - ±{k-y-h-z+2Qy t l3 A z\ 

i(h-x+p-y+Qy°) 



-i * 

e i(h-x+p-y+Qy°) 



e 



for any h, k G R n and y), (z°, 2) G R 7 * 4 " 1 . We define groups Y Q , G Q , L by 
y Q : = { e *(^+P-^°+Q* ) J h° eR, I g Z n , g R^ 1 }, 

Gq := { e ^+^°) I (zV) e R'^ 1 }, (24) 
L := { e i (^'+ h °) I / G Z n , /i° G R}; 

the group law can be read off (T2"3"|) and depends only on L is isomorphic to Z n x U(l) 
and is a normal subgroup of Y Q ; actually Y Q is the semidirect product Y Q = G Q t< L. All 
elements of Y Q are unitary w.r.t. the involution ( )23|) 9. We shall call Y" Q the observables' 
group because its elements are observables, i.e. map X v into itself; the G Q part acts as in 
( ITS]) , the L part acts by multiplication. Moreover, we shall call y Q the group algebra of Y Q ; 
it is a C*-algebra. 

By (T5]) ?/>'*?/> is periodic for all if)', if) G X v , and the formula 



(^',^) : = / d n x if)'(x)ip(x), (25) 
Jol.. n 

where C\ n is any fundamental n-dimensional cell (fTUj) [e.g. C° n = ([0,27r[) n ], defines a 
hermitean structure in X making the latter a pre-Hilbert space. As p a >(ip'*ip) = p a (if)'*ip) = 
—id a (ip'*ifi), which has a vanishing integral, by the Leibniz rule the p a are essentially self- 
adjoint. We shall call % v the Hilbert space completion of X v . Y Q extends as a group of 
unitary transformations of T-L v ; the L part still acts by multiplication, and the G Q part in 
the above gauge acts still as in (TT5|)^. 

Fixed any function ipo G X v vanishing nowhere, ifnp^ 1 is well-defined and periodic, i.e. 
in X, for all if) G X v , whence the decomposition X = XipQ. 
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Given a ^representation {p{0 Q ), X ) of (9 Q as a *-algebra of operators on the pre-Hilbert 
space X (by definition o>ip =: p{o)ip for all o G (9 Q and ^ G A" 17 ), a unitary equivalent 
one is obtained through a smooth gauge transformation U = e iqv> , <p G C°°(R n ,R), acting 
as a unitary transformation (p(0 Q ), X v ) (->■ (p u (0 Q ), <Y ), with 

p u {o) = Up{o)U- 1 , tjj u = Uilj J V u (l,x) = U(x + 2irl)V(l,x)U- 1 (x). (26) 

[/ is a unitary transformation (p(Y Q ),'H y ) !->■ (p u (Y Q ), 7i yU ), with p c/ (y) = U p{y)U~ 1 for 
2/ G Yq , also for the associated representatrion of Y Q as a group of unitary operators on the 
Hilbert space completion. All the relations PEJ), ©i ©, (EM]), flT9l l25]) remain valid [in 
particular, the Z- valued 2-form v ( fl3l) is gauge-invariant and allows to recover 2nfi A = u\]. 
Calling (p(Oq ), X v ) the representation [based on flE])] that we have used so far, choosing 
U(x) = e l 2 x & x and setting (3 := (3 A +(3 S , we find an equivalent representation (p u (0 Q ), X v ) 
characterized by 

V u {l,x) = e -i**«m*i«) i pa = _ lda+x b (3baQ+aaQ (27) 

[for U(x) = 1, i.e. (3 = (3 A , we recover the original gauge OH])]. We shall adopt the shorter 
notations X 13 = X v , H 13 = U v \ etc. for the spaces of complex functions fulfilling (T2]) 
with V given by ( 1271) . Performing a change (120]) and choosing /3 s so that /3 becomes lower- 
triangular we find 

= P = ( 2b r j , (28) 

and eq. (T5]) becomes 

r 

—i2q ^2 Vjlr+jX^ 

i){x+2nl) = e ' =1 ip(x) Wx G R n , I G Z n . (29) 

Choosing Z r+1 = ... = l 2r = one finds that ip(x) is periodic in x 1 , ...,x r ,x 2r+1 , ...,x n . It is 
straightforward to check that on the Fourier decomposition of ip w.r.t. x 1 , ...,x r 



e J=1 ip k (x 

keZ r 



r+ \-,x n ), 



condition ( 129]) for arbitrary / reduces to the recurrence relations 

^MqWr+i^vrhr)^ 1 , -,0 = M% r+1 + 27r/ r+ i, . . . , x 2r + 2nl 2r , x 2r+1 , ...,x n ). 
By the latter one can express all ipk in terms of those with k G K, where 

K := {0,1,..., 12^1-1} x ... x {0,1,..., \2qu r \-l} C Z r . (30) 
Therefore the most general solution of (|29l) reads 

r 

^ x ) = J2J2 ej=1 Mx r+1 +^k,...,x 2r +2nl r ,x 2r+1 ,...,x n ). (31) 
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Replacing in (|25|) we find 

(if/, if)) = (2vr) r J2 J^ xr+l - J^ x2T J dx2r+l - J dx n ip' h *ip h . (32) 

Hence if) G iff if) h G L 2 (R r x T n-2r ) , iff ^ G S(R r xT n - 2r ), for all fc G AT, and 

^ = ©%, A* = 0* fc . (33) 

where we have denoted as Xj. C A' /3 , C 'H' 3 the subspaces characterized by ^ = 

for k G if \ {/i} and ^ belonging to L 2 (R r x T n_2r ) , <S(R r xT^ 2r ) respectively. In next 
subsection we present a basis of X k , X 13 . 



3 Decomposition and irreducible representations of the 
observables' group for integer charge 

Let us denote as Y, y, G,g,0, h m , H m the groups/algebras obtained from Y Q , y Q , G Q , g Q , O q , 
h Qm , H Qm replacing the central element Q in (12111240 by q G Z. In this subsection we decom- 
pose them and identify their unitary irreducible representations. We abbreviate A := qA, 
and similarly for all the derived objects: a : = qa, etc. Note that q, f3 A enter the commutation 
relations only through their product (3 A :=qf3 A . 

In ( I24p we can set z° = 0, as we can reabsorb qz° into a redefinition of h°. Define 

Z (n) ._ f£l ._ e i27Tl t (p+2^ A x) | l G Z n|^ ^ ; = e i2n(p a +2^ b x b ) _ /g^N 

Using (T23]) it is easy to check that e *(J'-*+P-*+A°)] = for all I, V G Z n , (/i°, z) G R^ 1 . Hence 
2^ n ) is a discrete subgroup of Z(Y), isomorphic to Z n ; it is generated by the ( a - 

Let r := irank(/3 A ). We first perform a change (T2UI) (chosen so that z/j=7r&jGN, i.e. are 
positive) and then define 

Pj .= 2bjX :} -\-p r ^j, X? .= X ~^ , X +J .= ~^T~Pj, Pr+j- = Pr+ji j = ^-i--i r 

2b, 2b, ^ 

x a : = x a , pa'-=Va a > 2r 

one obtains objects fulfilling the canonical commutation relations [x a ,Pb] = i8%. The set 
{l,x r+1 , x 2r ,p r+ i, ...,p n } is a basis of g. The elements 

m . ■= e l±3 = [u**\- x e% Pi , m T+J := e^ Pi = u J e^ Pr+J (36) 

commute with G, g (and hence also with Ug ) and fulfill 

mjrrirj^ = rrirj^mje ^ , j = l,...,r, m a mi, = m b m a otherwise. (37) 
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From 



i-x+p-z = 



_ip l + p ( -y . ^) ./^ f 



a=2r+l 

and ( jTTl) we obtain the following decomposition of the generic element of Y: 



^i(l-x+p-z+h°) 



Hi 



7/7 TT 



n e 

a=2r+l 



We define Y := {e i ^ lx+zp+h °'> | ZeZ, (/i°,z)eR 2 } and C i: ={e i?i0 | /i°GR} ~ Z7(l). 



i(ZaZ a +PaZ a ) 

(38) " 



Proposition 1 Y decomposes into a product of commuting subgroups as follows: 



Y = M\..M r H\...Hl Y 2r+1 ...Y n . 



(39) 



The elements of M 1 , M r , Hl,...,H^, Y 2r+ i, ...,Y n are those ranging resp. in the square 
brackets of the 1 st , 2 nd , 3 rd block at the rhs fifty) , for all the possible values of I, z, h°. Namely, 



1 ™-i 



m 



rid' 



• M J is discrete, generated by e v i fulfilling fiH\) and by the inverses m- , 

• ifg := { e l ( h °+ w Pj+ z PHj) J (/ i Q ) u)) 2;) g /j 3 1 ^ s isomorphic to the 3-dim Heisenberg Lie group; 

• y a . = { e i(to"+*P.+fc°) I ZeZ, (ZiV)e^ 2 } isomorphic to Y . 

Z(Y) = Z^ C l ; if we adopt the x,p variables at the rhs $2(%) then Q = {rrij) 2Vi , Cr~^ — 
{m^) 2i> 3 (] = l,...,r). 

Proof The rest of the proof is as follows. The elements of the different subgroups at the 
rhs's of the relations (1391) commute with each other by the relations [x a ,Pb] = i5%. Clearly 
Z(H 2r+1 ) = C x = Z(Y n - 2r ) } whence Z{Y) = Z^Q 1: as claimed. ~ □ 

The center Z(y) of the C*-algebra y is generated by the ( a . The irreducible unitary repre- 
sentations (briefly irreps) of 3^ are those of Y. We now study them, starting form the lowest 
n's. 

Irreducible unitary representations of Y for n = 1 

(3 A = 0, r = 0, Y = Yi ~ Yo and is the algebra of observables of quantum mechanics on a 
circle. The formulae 



i{lx+h°) 



J(lx+h°) 



ip(x) 



p & (e tzp )^(x) = e i&z+zdx ijj{x) = e ia ^(x + z), (40) 
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where a G R and ift G L 2 (S' 1 ), define an irrep (p^, L 2 (S' 1 )) of Y . The formulae 

pa[e ilx ]ip(x) = e ilx ^(x), Pa(p)^) = (« - i^)V(x) (41) 

define the associated irrep (p £i ,C 0O ( 1 9 1 )) of on the dense subspace C 00 ^ 1 ) C L 2 ^ 1 ). If 
a' = a + l then p 5 and p^ are related by the unitary transformation ip(x) (->■ e llx ip(x) and 
therefore are equivalent. This is in agreement with the fact that the casimir £ = e i27rp has the 
same eigenvalue e t2na in both Pa,p&', by (j4"0]) 9 with 2; = 2n and the periodicity ^(x + 27r) = 
ijj(x). In fact the inequivalent irreps of Yq are parametrized by a G R/Z and are defined by 
(liOjl up to equivalences (see 0, [10] or e.g. the more recent (THE]). {^^} fe 2 c C 00 ^ 1 ) is 
an orthonormal basis of L 2 (S' 1 ) consisting of eigenvectors of p: Pa{p)e llx = (l + a)e tlx . 



Irreducible unitary representations of Y for n = 2, /3 A 7^ 

It is r = 1 and [»i , 02I = i^b, where f3 A = ( ~ ] and u = 2 , nb G N. The decomposition 

\ / 

( 139]) becomes Y — M H3 where M is generated by mi, m 2 fulfillig mim 2 = e^m 2 mi. By 
the Von Neumann theorem all irreps of H% are equivalent to the Schrodinger representation 
on L (R). On the other hand, the eigenvalues of the unitary casimirs ( a (a = 1,2) of M 
necessarily have the form e' l2naa , a G R 2 ; hence the pairs (e l2nai , e l2na2 ), or equivalently 
the a G R 2 /Z 2 , identify the classes of inequivalent irreps of M, and therefore of Y. From 
( a = (m a ) 2u and (|37|) it also follows that m a has eigenvalues e i ^ CCa ~ h \ h = 0, 1, 2z>— 1. 
When a = mi, 1712 are sometimes called 'shift' and 'clock'. Setting 



Pi + ip2 * Pi - ip2 
a:= , a := , n:=a a, 

; 46 V46 



we find [a, a*] = 1. An orthonormal basis of the carrier space consists of eigenvectors ip^h 
(n G N , /i = 0, 1, 2z>— 1) of the complete set of commuting observables {m 2 , n}: 

Pa{m 2 )ip n ,h = e^ {a2 - h) ip n>h , p & (n) ip njh = nip njh . (42) 

The degeneracy of each "energy level" n is thus 2z>. Note that aip 0t h = 0. 
Choosing the gauge (l2~Tj) with (3 as in (|28|) . we obtain 

Pi = -z9i + 26x 2 + q;i, p 2 = —id 2 + a 2 , 

n d-2r^di+2bx 2 +ai~Ha2 n * — d-2ridi+2bx 2 -{<xi-^ ia2 

U — 1-^ , 

i t. 1 -\~ i ( i rv n 4- r)n \ 

(43) 



46 V46 

mi = e*> y , m 2 = e t y ' , 

t — g27r(icti+(9i) A _ gi2(i>z :L +7ra2)+27r92 



^ ,o(x;a,6) = iV £ e fcl -^ 2 + fc +-+^) |g), ^ >h = ^K)Vo,o, 



fceZ 
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as an explicit representation p& characterized by a G R /Z ; using the formula dye 



7r, valid for all z6C, one determines the normalization constant to be \N\ 
ipQfl is cyclic. The ipn,h are related to Jacobi Theta function 

$(z,T):=^e mk(2z+kT) 
fceZ 



J; L id 9f, 



2tt 



e 2P 



(44) 



by z 



2tt 



and 



tp n:h (x;a,b) = -J= e 



/27TZ> 



(^ + 2vra 2 ) tf^+Mg^, i] (45) 



Hence, up to the gaussian factor g(x) = e « the are analytic (actually entire) 
functions of 



Irreducible unitary representations of K for general n 

We are now ready for tori of general dimension n. Using the transformation fl20l) . the 
decomposition fl39|) . the results for n = 1,2, the equivalence (by Von Neumann theorem) of 
all irreps of H^+i to the Schrodinger representation on L (R r ), we find the following 

Proposition 2 Up to unitary equivalences, the irreducible unitary representations ofY (and 
y) are identified by the eigenvalues ( a = e l2naa of the Casimirs, i.e. by a G T} := R n /Z n . 
Introducing the nonnegative integer r := ^rank(f3 A ) < |n, performing first a transformation 
j[2b)) leading to (ui, i> r ) G If with u^j_/uj G N, and then defining 



7 Vj Pj+iPr+j * Pj-ipm , 

bj-.= 7^, flj := a 3 := ^= , % — (46) 



/or j = l,...,r we /in<i i/iai [oj, a|] = 15^. v4n orthonormal basis B of the carrier Hilbert 
space H? consists of joint eigenvectors ip ni h,i of the complete subset of commuting observables 
{ni, ...,n r ,m 7+1 ,...,m 2r ,P2r+i, -,Vn} C 0: 

nGiV^, h E H := {0, 2^ — 1} x ... x {0, 2z/ r — 1}, (GT 2r 

a>2r. An orthonormal basis of the subspace Hk introduced in j(S3\) consists of the ip n ,h,i with 
that h only. It is ajipQ y h,i — 0. The linear span of B carries a * -representation of 0; the p a 



9 Eq. P5|) is verified by direct inspection for (n, h) = (0, 0), using the relations mif{x 1 ) = e e /f-^ 1 - 
[valid for all / € C°°(R)], 031 and a* 5 (a;) = g(x)-A(d z +2ira 2 ) for other (n,/i). 
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are essentially self- adjoint. In the gauge §21 ) with (3 as in ( [HP we obtain 



a: 



J- 



p a = -id a +a ai a = r+l,...,n, 

an —8^j^dj+2bjX rJrJJ rQ.j-Aa r j r j 

46~ 



rrij = e 2h 3 



ni 



ix j + -A- (ia r+j +d r +j ) 



r+j 



2ir(ictj+dj) 



Cj = e 



4>o,o,o(x; «, b) = N' J2 ex P { E 



(48) 



3=1 L 



k J x*-±h* j x*+k j +a j + 



/a 



Ha 



"0n 



n e 

a=2r+l 



t in. X 



n 



j=l 



^0,0,0 



as an explicit representation (p & , X 13 ) characterized by a; the normalization constant is given 



by \N'\ = (^nnfe) 3 exp 



2Hn 



. By gauge transformations one explicitly 



obtains the other equivalent representations. 

Bibliographical note. M := M x ...M r defined in (|39|) is the "group of magnetic transla- 
tions" , in the sense of Zak [IB] ; it is a subgroup of the commutant M of G0. In the literature 
the torus Tj, to which a belongs, is sometimes called 'Brillouin zone', or 'Jacobi torus'. 

Clearly, ip Qt h,i are also eigenvectors of the 'Bochner Laplacian' with constant B, H^a: 



V:=E(Pa) 2 =E|K*%+l)+ E rf, 

a=l j"=l a=2r+l 



^=E|(ni + |)+ E (U«a) 2 - 



(49) 



a=2r+l 



The finite degeneracy n^=i(2%) of the energy level E n j (well-known and in contrast with 
the infinite degeneracy of Landau levels in the absence of quasiperiodicity) is related to the 
commutation relation [H^a, M] = 0, which in the usual treatment (see e.g. [HI |15|) is used 
as a condition defining the magnetic translation group M, whereas here follows from the 
more general one [Z7g , M\ = 0. 

The ip n ,h,i are related to Jacobi Theta function d and Riemann Theta function 



z=(z 1 ,...,z r )eG r , TeE r :={reM r {C) I r' = r, 3(r)>0} 



6(z,r) := e l < 2ktz+ktrk \ 
keZ r 

10 The whole commutant M of G within Y is the subgroup 

M = MM 1 , M> := {exp [ih°+i EL 2 ,+i P a z a ] I (h°,z 2r +\ ...,z n ) G R"- 2r+1 } 

Equivalently, [m, C/g] = 0, i.e. [m,p n ] = 0, for all m G M. 
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(H r is Siegel upper half space) by z- 7 



2n 



and 





n 




ip a>h ,i{x; a,b) = G(x) 








_a=2r+l 




= G(x) 


n 






_a=2r+l 





aa ^ ^r^' 



G(x):=iV'exp 



n 



Iff) 
Iff) 



(50) 



:(9 zJ +2vra r _ h7 -), 



z J 4 



2^ 



z/: = 



:diag(z>i, ...,Zv 



Hence, up to the gaussian factor G(x) the ^> n ,/i,z are analytic (actually entire) functions of 
the z J , j = l,...,r. Of course, they will not be analytic w.r.t. other arbitrary complex 
variables = x^ +ix^ (j' ^ j) we could have introduced before the linear transformation 
x I—)- S~ l gx, with the gEGL(n) mentioned in the introduction and the S of (IT91) . Applying 
the transformation 



ijj V' = G~V, z) \/'(/, x) = G- 1 (x+2nl)V(l, x)G(x), 

f e X ^ f' = G- 1 fG = f } dx\..dx n ^ dfi' = dx l ...alx n \G\ 2 in J32J 

-ic? a if a<2r 

-2<9 a + a a if a>2r 



(51) 



Pa ^ p' a = G 1 p a G 



aj i — ^ a'- 



27T!>,' 



a* ^ a*' 



one obtains on the linear span A? of the /i z an equivalent representation of Y, where 
the ifi' depend on x 1 ,...,x 2r only through the complex variables z\ w.r.t. which they are 
holomorphic. There is no dependence on further variables if n = 2r. This clarifies the link 
with the holomorphic framework (see e.g. [2J [12]) on (the universal cover of) a complex 
torus: V is called an automorphy factor and takes values in C \ {0}, whereas G Q in this 
representation is called Theta group. The linear span X^[ of the if)' n h l having fixed (h, I) 
carries an irrep of G, Ug as the dj, a* are combination of the p a , and 



X 



Vl 



Vl 

I 



(52) 



The individual spaces Xfi do not carry a representation of the whole group Y. 



The above results, propaedeutical for the torus, are useful also for the physics of a scalar 
charged particle on R n in the presence of a periodic scalar potential V and a periodic magnetic 
field B with fixed fluxes (Q. The Hilbert space of states is [TJ [5] the direct integral over 
a G Tj of the Hilbert spaces %\ of the inequivalent representations of O q parametrized by 
a G Tj. Since for the Hamiltonian H of (pQ) belongs to O q , the corresponding evolution is 
such that if) (to) G implies if)(t) G for all t. 
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4 Mapping X v ^ T{T n ,E) 

The 1-particle wavefunction describing a charged scalar particle on an orientable Riemannian 
manifold X in the presence of a magnetic field 2-form B = B a bdx a dx b is a L -section of a 
hermitean line bundle E i— y X with connection having field strength B (see e.g. [T7J El US]); 
if X is compact the fluxes of B are necessarily quantized. We now show that if X = 
T n = R n /27rZ n then also E, beside X, can be realized as a quotient, and its L 2 -sections are 
determined by the quasiperiodic wavefunctions ip(x) on R n introduced in the earlier sections. 
We partly mimic arguments used for complex tori (see e.g. appendix B in [2]). 

The formula Ti : x G R n i— >■ x + 2irl G R n (I G Z n ) defines an action of the abelian group 
Z n on R n . The action is free, in that Ti(x) = x for some x implies that T\ = id = To. Clearly 
TioTi' = Tm> and Tp 1 = T_;. Introducing in R n the equivalence relation x ~ x' iff x' = TJ(x) 
for some / G Z n , the definition of the torus T n as a quotient K n /2irZ n amounts to 

T n = R n /~; (53) 

in other words, an element of T n is an equivalence class [x] = {T;(x), I G Z n }. The universal 
cover map is defined cLS P '. X 6R"4 [x] G T n . The fundamental cells C y ai ak defined 

in (|TU|) are mapped by P onto fundamental /c-cycles Cif... afe C T™ through [y]. The <ix a 
generate the exterior algebra /\* not only on R n but also on T n , and by multiplication by 
f £ X and linearity the algebra Q*(T n ) of differential forms on T n . We can consider f2*(T n ) 
as a subspace of f2*(R n ), and the exterior derivative d on Q*(T n ) as the restriction of d on 
ft*(R n ). 

Similarly, given a smooth phase factor V : Z™ x R n i— )■ C/(l) fulfilling ([3]), the formula 



: (x,c) G R n x C ^ (x + 2tt/, V(/,x)c), / G Z™ (54) 



defines an action of the abelian group Z" - on R n x C. The action is free, in that xY\( x i c )] = 
(x, c) for some (x, c) implies that xf = id = Xo ■ B Y © , xY ° Xr = Xw' and (^D -1 = X-i- 
In R" x C we introduce an equivalence relation ~y by setting (x, c) ~y (a/, c') iff (x 1 , c') = 
xY[( x : c )} f° r some I G Z n ; we correspondingly define 

£ = (R n x C)/ ~ y ; (55) 

in other words, an element of E is an equivalence class [(x, c)] = {xY(( x j c ))> ^ e 2™}. The 
projection it : E ^ T n is defined by 7r([(x,c)]) = [x]. E is trivial (i.e. E = T n x C) if V is 
trivial [i.e. V(l,x) = 1]. 

Given a smooth function ?/> : R n i— > C fulfilling (J2]) we can define a smooth map 

V> : [x] G T n M- [(x,^(x))] = |xf [(a:, > /GZ"} = { (x + 2nl, ^(x+2nlfj , /GZ"} G £, 

i.e. a (global) section ?/> G r(T n ,-E')- The correspondence (f) : ip E X v i— >• t/? e r(T n , i?) 
is one-to-one. Given i/?,^' G r(T n ,-E'), then -j// 1 ?/? ( [x] ) := ip'(x)ip(x) defines a function 
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ip'tp G X, and 



123 , „ 



N)',ijj) T := / d n xi\)'^ = \ d n x tfj'{x)ip(x) = 

JT .}<■;,, 



(56) 



a hermitean structure ( , )r equal to that of X v and making r(T n ,E) a hermitean line 
bundle. A compatible covariant derivative is defined by 



V := 6 o V o 



V : n p (T n ) ® x T(T\E) ^ 0^(T n ) ® x T(T n ,E). (57) 



The curvature map V 2 : T(T n ,E) H> n 2 (T n )®^r(T n ,E) determines the field strength 2-form 
B on T n through the formula V 2 ^ = —2iqB ®x ifi- Relations ( 1111112"]) become 



c 



lu] 



B = 27iv ab , 



B' 

r [y] 

<~-a 1 ...a 2m 



(27r)"V [aia ^, 



a.lm-\a.lm\ 



(5? 



(the result is independent of [y]). In particular cf)^ is the flux of B through a 2-cycle C^; 
therefore is characterized by the Chern numbers ([9]). The Hilbert space completion of 
r(T n ,E) with hermitean structure (156"]) is isomorphic to 7{ y . The actions of 0, g , Y, G are 
lifted from X v , "H^ to r(T n ,-E') and its completion by replacing p(o) — > <p ° p(o) o where 
o G 0, g , y, G respectively. For instance we find 

bVKM) := \(x,[g^}(x))} . (59) 



Given any smooth gauge transformation U(x) on R™, the replacements (V, V) — > 
(V^, ip u , UVU~ l ) [see (J2BJ] result into a new hermitean line bundle E u = (R n x C)/ ~ v u 
isomorphic to E, a section ij) G r(T™,-E r/ ) isomorphic to i/? G T(T n ,E) and a covariant 
derivative on r(T",-E f/ ) isomorphic to V on r(T"\-E); in other words, they result into 
a gauge transformation on T n - The m-th Chern class of E is given by the gauge-invariant 







((3 A ) m ' 


m\(27c) m _ 




_m!(27r) m _ 



(60) 



where [u] stands for the de Rham cohomology class containing the closed p-form u. 



The above data determine also trivializations of E, T(T n , E), V in a canonical way. For 
each set X± of a (finite) open cover {Xj} ie j of T n let Wi be a subset of R n such that the 
restriction Pi = P : Wi h- > Xi is invertible. For ael; let 

^(u) := ^» := A^fa)]. V, := -id+qA*. (61) 

As a consequence of (j2J) we find in Xj D -XjE]] 

^ = U^, V, = /,V ( /,„, ^«):=V{i[/rV)-^rV)] . Pf 1 ^)} (62) 

11 The points xGWj, x' GWi such that u = PjX — Pix' are related by x' — x+2irl, with some I £ Z n . One 
has just to replace the arguments l,x of V in (|2|) resp. by (u) — Pj~ (u), Pj~ (u). 
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Condition (j3J) becomeJ^l 

tik = tijtjk, in Xi fl Xj fl Xfc. (63) 

This can be interpreted as the (Cech cohomology) cocycle condition for the transition func- 
tions tij of the hermitean line E defined in (155|) . The set {(JQ, Vi)}i e x defines a trivi- 
alization of the section if) G r(T n ,-E') of i? and of the compatible covariant derivative V. 
The hermitean structure can be expressed in terms of the trivialization as (if)', VOr : = 
S T fx'd nx x l , 'i{T)'^ , i{T)i where {X^} Tg T is a partition of T n such that for all r 6 T it is 
X^ C Xj( T ) for some z(r) G X. The advantage of the definition (|56|) is that we don't 
have to bother about patch-dependent ?/V Setting C/j(/u) := UlP^iu)} for it G Xj, the set 
{{X iy Ui)} ie x defines the trivialization of a gauge transformation: 

^ m- = Utfi, t% = U^Uj 1 , V* ^ \f = UiViUr 1 ; (64) 

if U(x) is periodic the transformation is global, Ui(u) = Uj(u), and tf, = Uj. 

For fixed cover {Xj} ie j, a different choice {Wj}i e x of the {Wi} i& x in the above construc- 
tion amounts to a gauge transformation {(X,-. Uj)}j ctI^I in agreement with the fact that it 
leads to the same bundle E. 

For any [z] G T n let Tj 2 ] :T n i-)-T n be the translation operator T[ z ][x] := [x + z]. In terms 
of the trivialization {(Xj, [<7gi/']i)}iez f[59|i reads 

M«(u) := M[^r l («)l = e^* ^^ 1 ^-} ^(T W «) (65) 

where Xj is such that T 2 m G xJ3, and the second equality holds in the gauge (JSJ) only. Eq. 
(|65|) could have been hardly guessed without this lifting procedure, as it is non-local (the 
result for the z-component involves other components). 



5 Conclusions 

Starting from the basic notion of quasiperiodicity factors V : Z n x R n h-> U(l), in the first 
three sections we have introduced in a systematic way tools and general results regarding 
quantum mechanics of a charged scalar particle on R n in the presence of a magnetic field 
and a scalar potential periodic under discrete translations in a lattice A of maximal rank. 

12 The points x eUk, x' £ Wj, x" e W t such that [x] — [x'\ = u = Pix" = Pjx' = P^x are related by 
x' = x + 2irl', x" = x 1 + 2irl with some 1,1' € Z™. One has to replace x, x + 2ttV , I, I + 1' in (|3|) resp. by 
P^iu^Pf 1 ^), [Pr 1 («)-Pr 1 ( u )] /2tt, [Pr^^-P^iu)] /2tt, and use the above definition of t 4j . 

13 It must be W 4 = W 1 +2tt1 1 for some U € Z", whence rfc^u) = ^[Pf 1 ^)] = i)[Pr l (u) +2-Kk] = 
V[li,Pr 1 (u))]i/}[P^ 1 (u)] = Ui(u)ipi(u), where U l {u):=V[l l ,P~ 1 {u))]. ^ 

14 As P(x+z) = T[ Z ]M g Xj, then ir + z = (T^jm), whereas x = P i (u) g X; replacing these formulae 
in (fT8|) we obtain the second equality in (|65|) . As a consistency check, it is straightforward to verify that the 
conditions [gzip]i = Uj[gzip)j are satisfied. 
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In section H] we have shown how these tools and results can be reinterpreted and re-used 
for the same theory on the torus T n = R n /A, using the one-to-one correspondences between 
smooth quasiperiodicity factors V and hermitean line bundles E i— > T™, pre-Hilbert spaces 
X v of the type © & © and pre-Hilbert spaces T(T n ,E) of smooth sections of E, and between 
the covariant derivatives, algebras/groups of observables acting on X ,*H and those acting 
on T(T n ,E) and the Hilbert space completion of the latter. Working on the former is an 
elegant and convenient way to avoid the bothering work with local trivializations. 
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